We describe the far from equilibrium non-local transport in a diffusive superconducting wire with a Zeeman splitting, taking into account the different spin relaxation mechanisms. We demonstrate that due to the Zeeman splitting an injection of a current in a superconducting wire creates a spin accumulation that can only relax via thermalization. In addition the Zeeman splitting also causes a suppression of the spin-orbit and spin-flip scattering rates. These two effects lead to long-range spin and charge accumulations detectable in the non-local signal. Our model explains the main qualitative features of recent experimental results in terms of realistic parameters and predicts a strong dependence of the non-local signal on the orbital depairing effect from an induced magnetic field.
We describe the far from equilibrium non-local transport in a diffusive superconducting wire with a Zeeman splitting, taking into account the different spin relaxation mechanisms. We demonstrate that due to the Zeeman splitting an injection of a current in a superconducting wire creates a spin accumulation that can only relax via thermalization. In addition the Zeeman splitting also causes a suppression of the spin-orbit and spin-flip scattering rates. These two effects lead to long-range spin and charge accumulations detectable in the non-local signal. Our model explains the main qualitative features of recent experimental results in terms of realistic parameters and predicts a strong dependence of the non-local signal on the orbital depairing effect from an induced magnetic field.
PACS numbers:
Hybrid ferromagnetic/superconducting (FS) structures reveal a rich physics originating from the interplay between magnetism and superconductivity [1, 2] . While most of the research activity has been focused on the study and detection of proximity induced triplet superconducting correlations in an equilibrium situation [2, 3] , more recent experiments addressed the problem of spin and charge accumulation in superconducting wires [4] [5] [6] [7] [8] [9] [10] . Figure 1 shows a typical experimental setup, in which a spin accumulation is generated by a spin-polarized current injected from a ferromagnetic electrode. This spin accumulation observed in the experiments can be quite large. Two puzzling findings motivate this Letter: First, in superconductors with a strong Zeeman splitting, the induced spin accumulation has been detected at distances from the injector much larger than the spin-relaxation length in the normal state [6] [7] [8] . Second, the non-local conductance g nl depends drastically on the origin of the Zeeman splitting. Such a splitting can be caused either by an applied (strong) external magnetic field [6, 7] or by the proximity of a ferromagnetic insulator [11] .
In this Letter, we develop a microscopic model based on the well-established Keldysh kinetic equations for superconductors extended to spin-dependent phenomena, and solve this puzzle. In particular we show that: (i) The observed long-range spin accumulation can be understood as a thermoelectric effect for Bogoliubov quasiparticles. The heating of a superconducting wire, originated for example from an injected current, produces a spin accumulation which can be detected as an electric signal by a spin-filter detector. The spin accumulation created in such a way can relax only due to the thermalization of injected quasiparticles and therefore the spin relaxation length is determined by inelastic electron-phonon and electron-electron scattering that can well exceed the usual spin diffusion length. (ii) Besides generating a large thermoelectric effect the Zeeman splitting also suppresses the spin-flip and spin-orbital scattering which are the main sources of charge imbalance relaxation in superconductors at low temperatures [12] . Hence the different behaviors observed for the non-local conductance g nl as a function of the injection voltage V inj , depend on the value of the orbital depairing parameter α orb defined below. For large enough values of α orb , at large applied fields the contribution from the charge imbalance to the non-local conductance is suppressed and the g nl (V inj ) dependence is almost antisymmetric with respect to V inj [6] [7] [8] . In contrast, if the Zeeman splitting is caused by the proximity of a ferromagnetic insulator [11] , α orb is small and the charge imbalance contribution to g nl becomes important. In this case, we predict a qualitative change of the non-local conductance as function of the injected current, that can be experimentally proven.
We consider the nonlocal spin valve shown in Fig. 1 . A spin-polarized current is injected in the superconducting wire from a ferromagnetic electrode with polarization P inj , pointing in the direction of the magnetization. The detector is also a ferromagnet with a polarization vector P det and located at a distance L det from the injector. Both the injector and the detector are coupled to the wire via tunnel contacts. A magnetic field B is applied in z direction.
When P inj B P det (for the non-collinear case, see Ref. [13] ), the tunnelling current at the detector is given by
where R det is the detector interface resistance in the normal state, µ is the charge imbalance and µ z the spin imbalance. Here we assume that the detector current is measured at zero bias V det = 0. The nonlocal differential conductance measured in the experiment is
The charge imbalance µ and spin accumulation µ z can be expressed in terms of the Keldysh quasiclassical Green function (GF) as µ = ∞ 0 Tr(g K )dε/16 and [14] . With the help of the above notations we obtain the expressions for the charge and spin imbalance in the superconductor (here and below, = k B = 1)
where N + is the total density of states (DOS), N − is the DOS difference between the spin subbands, and n 0 (ε) = tanh(ε/2T ). According to Eq. (3) there are two contributions to the spin signal. One is generated from the longitudinal component f L . This contribution is only finite in the presence of a Zeeman splitting of the DOS (N − = 0). The second contribution is described by the first term in the integrand of Eq. (3) and it is finite even in the absence of an exchange field. While this latter contribution has been analyzed in Ref. [7] , we show below that in several cases it is the longitudinal contribution that dominates the spin signal due to its long-range character.
In order to obtain the kinetic equations in a diffusive spin-polarized superconductor we start from the general Usadel equation [2] 
Here D is the diffusion constant,Λ = iετ 3 −i(h · S)τ 3 −∆, ε is the energy,∆ = ∆τ 1 the spatially homogeneous order parameter in the wire, h is the Zeeman field, and S = (σ 1 , σ 2 , σ 3 ) the vector of Pauli matrices in spin space. The last three terms in Eq. (4)
orb τ 3ǧ τ 3 describe spin and charge imbalance relaxation due to the spin-orbit scattering, exchange interaction with magnetic impurities and orbital magnetic depairing, characterized by the relaxation times τ so , τ sf and τ orb , respectively.
The orbital depairing rate can be written in the form τ
2 where α orb is the dimensionless parameter measuring the relative strength of orbital and paramagnetic effects and T c is the critical temperature of the superconductor for h = 0. If the Zeeman field is provided by an external magnetic field [6, 7] 
is the critical field of a thin superconducting film of width W , ξ = D/∆ is the superconducting coherence length and φ 0 = h/(2e) is the magnetic flux quantum [16] . Assuming ∆ = 240 µeV and diffusion constant D = 40 cm 2 /s [7, 8] , we obtain α orb ≈ 210(W/ξ) 2 where ξ ≈ 100 nm. This estimation yields α orb = 1.33 for the film width W = 8 nm. The Zeeman field can also be induced by an exchange field in a FS proximity system [11] . In this case τ orb is not directly related to the Zeeman field and we describe this with α orb = 0 in the numerical results below.
We assume that the transparencies of the detector and injector interfaces are small, so that up to leading order the retarded and advanced GF are the bulk ones determined by the nonlinear equation
In the presence of an exchange field h = hz, the spectral functions read g R = g 01 τ 1 + g 31 σ 3 τ 1 + g 03 τ 3 + g 33 σ 3 τ 3 and g A = −τ 3 g R † τ 3 . While the terms diagonal in Nambu space (τ 3 ) correspond to the normal GFs, the g 01 , g 31 describe the singlet and zerospin triplet anomalous components [2] . From these GFs we get N + = Reg 03 , N − = Reg 33 in Eqs. (2, 3) .
From Eq. (4) we obtain two decoupled sets of kinetic equations complemented by boundary conditions (BC) at the spin-polarized injector interface z = 0. We use the BC of Ref. [18] that generalizes the Kupriyanov-Lukichev [19] one to the case of spin-dependent barrier transmission.
We start analyzing the set of equations that couple the components f T and f L3 . These determine the charge j c and spin-heat j se currents according to:
where the diffusion coefficients are
These currents satisfy a pair of coupled diffusion equations
supplemented by the BC at the injector electrode x = 0:
where
The coefficients in Eqs. (9, 10) are given by R T = 4∆Reg 01 , R L3 = 4∆Reg 31 , and
Here τ
sf and the parameter β = (τ so − τ sf )/(τ so +τ sf ) characterizes the relative strength of spinorbit and spin-flip scattering. For example, in Al wires used in the spin-transport experiments, the typical spin relaxation time is τ Σ ≈ 800 ps ≈ 40/T c where T c ≈ 1.6 K. For the spin accumulation experiments [7, 8, 11 ] the value of β can be inferred from the magnetic depairing parameter ζ = 8 · 10 −4 in the absence of a magnetic field. It is proportional to the spin-flip scattering rate ζ = 3(1 + β)/(2τ Σ T c ) which yields β ≈ −0.98. We use β = −0.9 to obtain the qualitative effects.
The solution of the system (9,10) is given by the superposition of two exponentially decaying functions e −kT 1,2 x with amplitudes determined by the BC. The energy dependencies of k T 1,2 are shown in Fig. 2a,b for the cases of strong and weak orbital depairing. The charge and spin-heat imbalance relaxation is non-zero above the gap k T 1,2 = 0 due to the magnetic pair breaking effects [12, 20] .
The other set of equations are for the components f L , f T 3 that determine the energy and pure spin currents
satisfying the diffusion equations
and
The boundary conditions at x = 0 are
where n ± = n ± (V inj ). The solution of the system (13, 14) is given by a superposition of two qualitatively different terms
where the amplitudes (α, A) can be found from the BC (17, 18) . The first term in (19) describes a decay of the (spectral) spin imbalance with a characteristic length scale
The second term in (19) describes the rise of quasiparticle temperature generated by the applied voltage V inj . This decays only via inelastic scattering disregarded in the above equations, but discussed in more detail below.
We now calculate the non-local conductance from Eq. (1) and the solutions of kinetic equations (9, 10, 13, 14) . First, we assume a strong orbital depairing α orb = 1.33. Figure ( 2)c shows the non-local conductance and describes several features observed in recent experiments [6] [7] [8] that we discuss below.
In the absence of a Zeeman field, N − = 0, and therefore only the first terms in the r.h.s of Eqs. (2-3) contributes to g nl . For h = 0 the contribution stemming from the spin accumulation is finite only if P inj = 0, which is the condition to obtain a finite f T 3 . However, this function decays over the short spin diffusion length and therefore is negligibly small at the distances L det = 3λ sf from the injector. Thus, the detected signal in this case is mostly determined by the charge imbalance, Eq. (2). This explains the symmetry with respect to the injecting voltage: g nl (V inj ) = g nl (−V inj ). The charge imbalance contribution to g nl grows monotonically when |V inj | > ∆ g . This behavior is determined by the increase of the charge relaxation scale at large energies k Fig. 2a .
In the presence of a magnetic field, on the one hand, the charge relaxation is strongly enhanced due to the orbital depairing effect. This explains a strong suppression of the charge imbalance background signal by increased h in Fig. 2c . On the other hand the spin imbalance contribution stemming from the second term in the r.h.s of Eq. (3) is large. As shown above, this term describes the heat injection in the presence of a finite Zeeman field h and has a long-range behavior. This contribution leads to the large peaks in g nl (V inj ) shown in Fig. 2c . In contrast to the linear thermoelectric effect [21, 22] , which is exponentially small for temperatures well below the energy gap T ≪ ∆, a non-linear heating produced by quasiparticles injected at voltages exceeding the energy gap explains the large electric signal observed in the experiments [6] [7] [8] . Notice that the peaks do not have exactly the same form so that g nl (V inj ) = −g nl (−V inj ). The small deviation from the antisymmetric case is due to the small but finite injector polarization P inj , as well as to the presence of an admixture of the charge imbalance signal.
Next let us consider the case of no orbital depairing α orb = 0. This may correspond to the case of a Zeeman field caused by the proximity of a ferromagnetic insulator [11] . Figure 2d shows a clearly different behavior for g nl (V inj ) with respect to the large α orb case, and can be observed in the experiments [11] . Now the asymmetry of the g nl (V inj ) curve is much more pronounced and the peaks are much broader. This occurs due to a significant admixture of the long-range charge imbalance contribution (blue dashed curves) with the spin imbalance one (green dash-dotted curve). While the latter is almost perfectly antisymmetric the former produces symmetric peaks of g nl (V inj ) at voltages within the interval ∆ − h < V inj < ∆ + h. These peaks appear due to the strong suppression of charge relaxation by the Zeeman splitting at the energy interval ∆ − h < ε < ∆ + h, in accordance to Fig. 2b .
Our results give a qualitative explanation of experiments with large magnetic fields [ Fig. 2c] . Including an additional constant orbital depairing which can originate from the stray fields of ferromagnetic contacts [6] we are able to obtain accurate fits of the experimental curves shown in Fig.3a of Ref. [7] using realistic parameters. Notice that the decay of the component f L , responsible for the long-range spin imbalance, is only limited by inelastic relaxation, which have not been taken into account in our kinetic equations. The observed relaxation length λ ∼ 1 µm likely cannot be explained by electron-phonon scattering, which already in the normal state leads to a much larger value λ ph = τ ph D ≈ 20 µm [7, 8] . Electronelectron scattering on the other hand can redistribute the total energy in the electron system and damp nonequilibrium components of the signal. In order to obtain the observed relaxation length λ ee ∼ 1 µm one should assume that the e-e scattering time is τ ee ∼ 10 −10 s which is significantly less than the known value in bulk dirty Al [23] but can be achieved in low-dimensional samples [24] . The e-e thermalization process as well as nonuniversal properties of the heat transport in real experimental setups could explain the suppression of the spin imbalance relaxation by the Zeeman field [7, 8] .
To conclude, we have developed a theoretical framework to study the transport properties of superconductors with a Zeeman splitting. We have demonstrated that the splitting field leads to a strong suppression of the relaxation of charge and spin imbalances created by the injected current. In particular, the long-range spin accumulation observed in recent experiments is shown to be a manifestation of a non-linear thermoelectric effect and it is only limited by the inelastic relaxation length which can be larger than the spin relaxation time in normal metals by several orders of magnitude. Our model gives a qualitative explanation for a wide range of experiments on SF nonlocal spin valves, and predicts a strong dependence of the non-local conductance on orbital depairing, characterized by α orb . Besides explaining the properties of superconductor-ferromagnet structures, our theory may be straightforwardly extended for the general description of thermoelectric effects in far from equilibrium situations in terms of the well-established theory of non-equilibrium GFs.
We thank Detlef Beckmann for discussions. where τ j (σ j ) is the jth Pauli spin matrix in Nambu (spin) space. The multiplication with τ 3 takes care of the chosen order of spins in the Nambu vector. In order to characterize the non-equilibrium spin accumulation we introduce the difference between the total spin density and the one at the equilibrium state
As shown in the main text of the paper the spin accumulation s ej determines the tunnelling current at the spinpolarized detector electrode in the non-local measurement scheme. The spin-averaged energy density involves a multiplication by the Nambu matrix τ 3 to take care of the fact that whereas particles and holes contribute to the charge an opposite amount, they contribute an equal amount to the excitation energy. We thus can write in the Wigner representation the (internal) energy density ǫ(r, t) = −ie dp
In the limit of a large bandwidth this becomes very large, so it is convenient to describe only the excess energy density compared to some equilibrium value, ǫ e (r, t) = −ie dp (2π) 3
Similarly to the charge density, ǫ e is a spin-averaged quantity. We can thus also define the energy density difference in the two spin ensembles by ǫ j (r, t) = −ie dp (2π) 3
In the absence of a ferromagnetic transition, the contribution to this quantity comes from the small energy region related to voltage or temperature, and therefore there is no need to remove the equilibrium value. We now define the quasiclassical Keldysh Green's function in the diffusive limit (and a spherical Fermi surface) via g K (1) = i π dp 4π dξG K (ǫ, ξ,p, r, t),
where p = pp and ξ = p 2 /(2m) − ǫ F , where ǫ F is the Fermi energy. Employing charge neutrality (charge density vanishes on length scales that are large compared to the usually microscopic screening length) and including the non-quasiclassical corrections in the standard way [15] , the electrostatic potential (instead of the charge density that vanishes) can be written in terms of the quasiclassical Green's function as µ( r, t) = − 1 16
In the absence of a ferromagnetic transition, the other expressions can be then straightforwardly written in terms of the quasiclassical Green's function by using dp (2π) 3 = dξN (ξ) dp 4π ≈ N 0 dξ dp 4π ,
where N (ξ) is the density of states in the normal state, and we assume N (ξ) ≈ N 0 for excitation energies close to the Fermi surface. We hence get 
